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Abstract. We demonstrate that a topological defect can explain the hemispherical power
asymmetry of the CMB. The first point is that a defect configuration, which already exists
prior to inflation, can source asymmetry of the CMB. The second point is that modulation
mechanisms, such as the curvaton and other modulation mechanisms, can explain scale-
dependence of the asymmetry. Using a simple analysis of the δN formalism, we show models
in which scale-dependent hemispherical power asymmetry is explained by primordial config-
uration of a defect.
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1 Introduction
After the report of the detection of the hemispherical power asymmetry on the CMB [1, 2],
there have been attempts to look for fingerprints of the non-standard inflationary physics in
the anomaly. If the anomaly is not a statistical artifact, it strongly indicates that the single-
field inflation models are not enough to explain the current observations of the Universe [3,
4]. Also, the anomaly seems to be suggesting that we are observing a fingerprint of the
pre-inflationary configuration [3, 4]. If the dipolar modulation of the temperature T (~r) is
generated by the dipolar modulation of the curvature perturbation ζ, a parametrization of
the bipolar asymmetry can be defined as
P1/2ζ (k, ~r)
P1/2ζ (k, ~r)
∣∣∣
iso
= 1 +
A(k)(~p · ~r)
rCMB
, (1.1)
where Pζ(k,~r)|iso is the isotropic power spectrum and A(k) measures the asymmetry in the
direction of the unit vector ~p. Here rCMB is the comoving distance to the surface of the last
scattering.
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The effect of a large-scale enhancement of the spectrum of the curvature perturbation [5]
has been investigated in ref. [6] and it has been shown that the enhancement proportional
to a linear function of position (z) is not observable because of the Doppler shift due to the
induced peculiar velocity. If the enhancement has higher order corrections (∼ zn), the second
order term (∼ z2) enhances the CMB quadrupole (Grishchuk-Zel’dovich effect), which has not
been observed yet. Then in ref. [3, 4], a bound has been found for both inflationary scenario
and curvaton model upon mild assumption of a function. The observed CMB asymmetry has
been explained by introducing additional super-horizon size perturbation ∆φ ∼ φ0 sin(kAz)
of a field. Recently, the cosmic variance has been considered in ref. [7]. Another solution has
been found in ref. [8], in which a contracting phase before slow-roll inflation plays the role.
One of the mysteries of those solutions would be the origin of the source perturbation
∆φ, which is supposed to have specific direction (in this paper we are specifying the direction
z) in space. The cosmic variance [7] could be a solution, but in this paper we consider topo-
logical defects that may appear because of chaotic initial conditions in the pre-inflationary
Universe, and show that the defect configurations can indeed explain the asymmetry when
they are combined with the curvaton or other modulation mechanisms.1 Here, the curvaton
mechanism [13, 14] uses isocurvature perturbation of a curvaton field σ. Although the curva-
ton is negligible during inflation, the ratio of the curvaton to the total energy density grows
after inflation and finally it generates the curvature perturbation. On the other hand, other
modulation mechanisms consider isocurvature perturbation of a light field (moduli), which is
always a negligible fraction of the energy density. For instance, the isocurvature perturbation
of a light field can make the decay rate of the inflaton [15–17] spatially inhomogeneous, and
it can cause generation of curvature perturbation at the time of reheating. In the same way,
generation of the curvature perturbation is possible when energy density changes its scaling
at phase transition [18].
Another mystery would be the significant scale-dependence of the asymmetry parameter
A(k). If one interprets the dipolar asymmetry in the CMB power spectrum as a spatial
variation of the amplitude of primordial fluctuations, one can make predictions not just for
the CMB but also for large-scale structure. Then there should be a corresponding gradient in
the number density of highly biased objects. The constraint from the Quasar is first obtained
in ref. [19]. Using the high-redshift quasars from the Sloan Digital Sky Survey (z ≥ 2.9),
Hirata found a null result for a gradient in the number density of highly biased objects,
which rules out the simple curvaton-gradient model. A tighter constraint has been obtained
in a recent paper [20], in which the hemispherical power asymmetry in the CMB on small
angular scales has been investigated. In ref. [20], it has been shown that the hemispherical
power asymmetry must satisfy A < 0.0045 on the 10 Mpc scale. In this paper we will
analyze this issue using a simple δN formalism and show how to construct models in which
scale-dependent asymmetry meets the criteria.
As we need a simple method for the estimation, we are going to consider approximation
based on the δN formalism. In section 2 we will review previous analysis of the CMB
asymmetry in the light of the δN formalism. Section 3 is devoted to the analysis of the
asymmetry caused by a domain-wall configuration. First, we will show that a simple scenario
of topological inflation cannot explain the anomaly. Then we will show why the standard
modulated decay scenario, as far as the initial curvature perturbation is mainly sourced by
the mechanism, cannot explain the scale-dependence of the asymmetry. The same discussion
1See also ref. [9–12].
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excludes the curvaton [3, 4]. Although the domain wall configuration considered in this
section is new, other discussions are basically the same as previous works [3, 4, 19]. Then in
section 4, we will separate sources of the cosmological perturbations. Our idea to achieve the
required scale-dependent asymmetry will be classified in this section. Then we will examine
several specific models in more details. In addition, we will show that gNL ≥ 104 of the
non-Gaussianity parameter could be crucial. The origin of the asymmetry parameter will be
discussed in the light a domain wall; however our method is quite general and can be applied
to many other models of pre-existing configurations [21].
2 δN formalism for the CMB asymmetry
During nearly exponential inflation, the vacuum fluctuation of each light scalar field φi is
converted at the horizon exit to a nearly Gaussian classical perturbation with a spectrum
Pδφi ' (H/2pi)2, where the Hubble parameter is H ≡ a˙(t)/a(t). The curvature perturba-
tion is
ζ = δ[ln(a(x, t)/a(t∗))] ≡ δN, (2.1)
where t is time along a comoving thread of space-time and a(t) is the local scale factor.
Taking t∗ to be an epoch during inflation after relevant scales leave the horizon, we assume
N(φ1(x, t∗), φ2(x, t∗), · · · , t, t∗) so that
ζ(x, t) = Niδφi(x, t∗) +
1
2
Nijδφi(x, t∗)δφj(x, t∗) + · · · , (2.2)
where a subscript i denotes ∂/∂φi evaluated on the unperturbed trajectory.
We define the fractional power asymmetry as in eq. (1.1), where A ∼ 0.072± 0.022 for
large angular scales (l < 64) is expected from the recent Planck data [2].2 In this paper we
will examine the possibility of A ∼ 0.05.
For a single-field perturbation we can expand
∆(δN)
δN
=
Nφφ
Nφ
∆φ+
1
2
Nφφφ
Nφ
(∆φ)2 + . . .
=
6
5
fNLNφ∆φ+
27
25
gNL (Nφ∆φ)
2 + . . . , (2.3)
where fNL and gNL are the non-linearity parameters that measure the non-Gaussianity of
the curvature perturbation. Here we write
φ(~x, t) = φ0(t) + ∆φ(z, t) + δφ(~x, t), (2.4)
where δφ is the conventional Gaussian perturbation and ∆φ is a shift of the field across the
sky in the direction of z. Just for simplicity, we are assuming that ~p is in the direction of z.
Here we exclude |Nφ∆φ| > 1 when ∆φ is within the horizon, since it ruins the perturba-
tive expansion. Note that in eq. (2.4), there are two sources for perturbation; one is the
conventional Gaussian perturbation δφ and the other is the shift ∆φ.
2See also WMAP data [1], which also shows a similar result.
– 3 –
J
C
A
P08(2014)026
2.1 How to introduce scale dependence in the spectrum
2.1.1 Curvaton and other modulation mechanisms
In this paper, the scalar field ϕ denotes light fields other than the inflaton. We are replacing
ϕ→ σ for the curvaton and ϕ→ χ for other modulation mechanisms, if these specifications
are possible.
In order to argue the scale-dependence, one must define the specific time when quantities
are evaluated. Mixings between different definitions will be the source of serious confusions.
The curvaton model uses δσ/σ to define “component perturbation” at the beginning of
the sinusoidal oscillation:
ζσ ≡ −Hδρσ
ρ˙σ
=
δρσ
3ρσ
=
2δσ
3σ
, (2.5)
where quantities are defined at the beginning of the oscillation. Here the curvaton potential
is assumed to be quadratic (ρσ =
1
2m
2
σσ
2). In the same way, one can define component
perturbation of the radiation. Evolution of component perturbations is examined in ref. [22].
Evolution of δσ/σ before the oscillation has been examined in ref. [23].
In the curvaton scenario, one usually puts several assumptions in advance, which makes
δσ/σ or ζσ evolves like constant until the “event” (creation of the curvature perturbation)
takes place. In that case, one can calculate the curvaton perturbation using
ζσ|decay = ζσ|osc = 2δσ
3σ
∣∣∣∣
osc
' 2δσ
3σ
∣∣∣∣
∗
, (2.6)
where “∗” denotes the time when the Gaussian perturbation of the corresponding scale
(k = aH) exits the horizon, and “decay” and “osc” denote the time of the curvaton decay and
the beginning of the curvaton oscillation, respectively. Therefore, the curvature perturbation
created by the curvaton can be written as
ζ ' [rζσ]decay = [r]decay
[
2δσ
3σ
]
∗
, (2.7)
where r ≡ 3ρσ/(3ρσ+4ρr). From the last equation, one can see that the spectrum is strongly
scale dependent when σ∗ varies significantly during inflation while Pδσ∗ ' (HI/2pi)2 is slowly
varying. Obviously, one can see no scale dependence in r|decay. On the other hand, if one
defines the curvature perturbation using δσ/σ|osc, one immediately finds (by definition) that
σ|osc cannot be a scale-dependent parameter. Instead, δσ|osc may have a scale-dependence.
Confusions may arise if one mixes those different definitions.
Similar scale dependence may arise in other modulation mechanisms. For instance,
modulated reheating gives ζ ∼ δΓ/Γ ∼ δχ/χ, where Γ(χ) is the decay rate that depends on a
modulus field χ. For modulated reheating, “decay” dos not mean the decay of the modulus
field but the decay of the inflaton oscillation.
2.1.2 Scale dependent ∆ϕ?
Here we define ϕ∗ ≡ ϕ0|∗+ ∆ϕ∗ for a light scalar field, so that z-dependence appears in ∆ϕ.
From the above discussion one will understand that ∆ϕ could be time dependent so that ∆ϕ
is smaller (if V (ϕ) is concave) when smaller scales exit horizon.
However, if ϕ is the primary source of the initial curvature perturbation, one will im-
mediately find that the spectral index of the initial curvature perturbation can put severe
bound on the evolution of ϕ. Since the same is true for ∆ϕ, the scale dependence of ∆ϕ must
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be mild and therefore the scenario of the strongly scale-dependent A could be excluded by
using the spectral index. The situation becomes better if ∆ϕ is separated from the primary
source of the initial curvature perturbation. Such models will be considered in section 4.
2.2 Example1: problem in single-field inflation with a standard kinetic term
Let us apply the δN formalism to the simplest scenario. Here we write for the inflaton field:
φ(~x, t) = φ0(t) + ∆φ(z, t) + δφ(~x, t), (2.8)
where δφ is the Gaussian perturbation whose spectrum is P1/2δφ = H/2pi, while ∆φ is a shift
of φ across the sky in the direction of z. When one calculates the curvature perturbation
using δφ, one has to consider a local mean value φ¯(z) ≡ φ0 + ∆φ(z). Then the δN formalism
gives,
δN = Nφδφ+
1
2
Nφφδφδφ+ . . .
' 1√
2H
δφ
Mp
, (2.9)
where Mp is the reduced Planck mass. Here the slow-roll parameter is (z)H ≡ − H˙H2 '
1
2M
2
p
(
V ′
V
)2
, where H is a function of φ¯(z). Mp = 2.435 × 1018GeV is the reduced Planck
mass and H ≡ V (φ)
3M2p
is the Hubble parameter during inflation. The shift ∆(δN) across the
sky is evaluated as
∆(δN) ' (δN)φ ∆φ
' Nφφδφ∆φ, (2.10)
where the scale dependence of δφ has been neglected. (See also footnote 3.) Then one can
easily find
A ' Nφφ
Nφ
|∆φ|. (2.11)
Considering the non-Gaussianity parameter
fNL ≡ 5
6
Nφφ
(Nφ)2
, (2.12)
one will find
fNL ' 5
6
A
Nφ|∆φ| . (2.13)
For the single-field inflation scenario, a simple observation gives3
A ∼ 1.2× fNLNφ|∆φ|. (2.14)
The above result suggests ∆N ≡ Nφ|∆φ| ∼ (0.05/1.2fNL) ∼ 1 if |fNL| ∼ |ns−1|. Therefore,
∆N ∼ 1 may ruin the perturbative expansion.
3 Exact calculation gives A ∝ ns − 1, where ns is the spectral index. Namely, if one considers ddφPδφ 6= 0
and H 6= 0, one will find additional terms that lead to A ∝ ns − 1.
– 5 –
J
C
A
P08(2014)026
The above condition may be marginal, however we can see that the condition becomes
more stringent when higher terms are considered. To see the constraints from the higher
terms, let us examine the quadrupole and the octupole of the perturbation. First introduce
a function F (kAz), which gives F (kAzd) ≡ ∆φd on the decoupling scale (z = zd). For that
function, we have the expansion in powers of (kAz).
F (kAz) = F
′(0)(kAz) +
1
2!
F ′′(kAz)2 + . . . , (2.15)
where the prime is for the derivative with respect to (kAz). In addition to the above expan-
sion, one can expand the gravitational-potential (Φ = −35ζ) in powers of F . Here, we are
temporarily considering Φ instead of ζ, so that the reader can easily compare the result with
the original calculation in ref. [3, 4]. We first expand ∆Nd as
∆Nd ≡ Nφ(∆φd) + 1
2!
Nφφ(∆φd)
2 + . . .
= Nφ(∆φd) +
6
10
fNL[Nφ(∆φd)]
2 + . . . (2.16)
For a single-field inflation model, in which the non-Gaussianity is negligible, one can neglect
terms proportional to Nφφ and Nφφφ.
4
For comparison, we are going to introduce a specific function F (kAz) ∼ φˆ sin(kAz+ω0),
which has been used in ref. [3, 4]. This function will be replaced when we consider a topo-
logical defect. Here φˆ, kA and ω0 are constants, which have the corresponding dimensions.
Using eq. (2.15), one can expand
∆φd = (kAzd)φˆ cosω0 +
1
2
(kAzd)
2φˆ sinω0 + . . . (2.17)
Introducing Φ∆φd ≡ −35∆Nd and using eq. (2.16) and (2.17), one can expand Φ∆φd . For the
first order, we define ΦA as
Φ∆φd |D ≡ (kAzd)ΦA cosω0, (2.18)
where the subscript D denotes the perturbation proportional to kAz. The terms contributing
to the CMB quadrupole and octupole are [3, 4]:
Φ∆φd |Q ≡
(kAzd)
2
2
|ΦA sinω0| ≤ 2.9Q (2.19)
Φ∆φd |O ≡
(kAzd)
3
6
|ΦA cosω0| ≤ 5.3O, (2.20)
where the upper bounds are Q ≤ 1.8× 10−5 and O ≤ 2.7× 10−5 for the quadrupole and the
octupole, respectively. In ref. [3, 4], ω0 = 0 has been considered and thus the quadrupole
vanishes.
In the kA → 0 limit with fixed kAΦA, one will find a negligible bound from the
quadrupole and the octupole. In that limit the size of the configuration becomes much
larger than the horizon size and what we are observing in the sky is a local part of the
configuration. Therefore, the configuration is approximately a linear function of z.
4These terms are not negligible in the curvaton [13, 14, 24–27] and other modulation mechanisms [15–
17, 28–35].
– 6 –
J
C
A
P08(2014)026
However, if one introduces the condition “ΦA≤1 everywhere”, it gives Φ∆φd/(kAzd)≤1.5
Then for Φ∆φd , we have
(kAzd) ≥ Φ∆φd . (2.21)
Therefore, for a fixed Φ∆φd (because we need to explain A ∼ 0.05), kA is bounded from below
and finally we have
|Φ∆φd |3 ≤ 32O. (2.22)
Here, the quadrupole is neglected assuming ω0 = 0. Using eq. (2.14), it has been concluded
in ref. [3, 4] that a single-field inflation model will not produce A ∼ 0.05.
The situation will be changed when F (kAz) is replaced by a domain wall configuration
and the condition “ΦA ≤ 1 everywhere” is replaced by “ΦA ≤ 1 within the horizon”. Let us
see more details in the next section.
3 Topological defects expanded during inflation
In the previous section we have introduced a planar wave perturbation for ∆φ(z). However,
it is not quite obvious why such non-spherical perturbation has been produced in the infla-
tionary Universe. In this section we will focus on the source of ∆φ(x), paying attention to
chaotic initial conditions in the pre-inflationary epoch. The amplitude of the configuration
can be as large as the Planck scale. We are choosing two of the simplest models and will
show explicitly how the defect configurations can affect the asymmetry of the cosmological
perturbations. More successful (but rather complicated) models will be examined in the next
section so that the model can explain significant scale dependence of the asymmetry.
3.1 Inflating defects
The idea of topological inflation is very old. One can find an excellent review of the cosmo-
logical defects in ref. [36, 37].
To understand the situation, consider a domain wall model for which the symmetry is
broken by a real field φ and it develops a vacuum expectation value φ = ±φˆ at a distance
from the core (φ = 0). Just for simplicity, we assume V (φˆ) = 0 and V (0) ≡ V0 > 0. Before
the primordial inflation, we are considering a chaotic initial condition, which is schematically
shown in figure 1.
In flat spacetime the width of the domain wall (δw) is determined by the balance of the
gradient and the potential energies (δw ∼ φˆ/
√
V0). Since the horizon radius of the Universe
when the false vacuum density V0 is dominating is given by H
−1
0 ∼ Mp/
√
V0, one expects
φˆ ≥ Mp for a trivial (e.g, ∼ −m2φ2 + λφ4) potential. See also figure 2. Numerical studies
for quartic potentials suggest φˆ ' 0.33√8piMp [36, 37]. The Universe first emerged would
have a chaotic initial condition φ˙2 ∼ (∂iφ)2 ∼ M4p , which leads to a highly inhomogeneous
Universe that have a random distribution of φ within the Hubble horizon. At this moment
the width of the defects is very narrow since the chaotic initial condition is (by definition)
not determined by the balance between the gradient and the energies of the potentials. After
a while, the width is determined by the balance of gradient and potential energies and the
topological inflation takes place.
5This condition is obviously different from the condition “|Nφ∆φ| < 1 within the Horizon”. The difference
will be crucial when we consider a defect that is expanded during inflation.
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Figure 1. The Universe is inhomogeneous because of the chaotic initial condition.
Figure 2. Topological inflation expects a broad core. What is required for inflation is φˆ ≥Mp.
Here, it must be noted that the curvature perturbation becomes singular at φ = 0,
where the slow-roll parameter vanishes (H ' 0). In other words, topological inflation never
ends deep in the core. Slightly away from φ = 0, one can find a suitable region that allows
conventional inflation with a safe end accompanied by the oscillation and reheating. Obvi-
ously, the inflating defect of the topological inflation scenario leads to a singular perturbation.
However, in reality the singularity is not a problem since φ = 0 is far away from the horizon.
See also footnote 5.
The situation is almost the same for the curvaton and other modulation mechanisms,
but a few trivial differences may appear. First, the potential gives V = V (ϕ) + VI during
inflation, where VI  V (ϕ) is the energy density of the inflaton field. The width of the defect
can become as large as the horizon radius during inflation, if the effective mass of ϕ is smaller
than the Hubble parameter (m2ϕ ≤ H2I ). Unlike topological inflation, the Hubble radius is
determined by VI , which is independent of V (ϕ). Then the configuration is expanded during
the inflationary expansion. Second, although in this paper we have been considering a specific
defect configuration (domain wall), the gradient of the field (∆ϕ 6= 0) can simply be created
by the chaotic initial condition, even if ∆ϕ is not related to a topological configuration. The
gradient ∆ϕ can be generated on a flat potential V (ϕ) ' 0, even if it is not related to a
topological defect. In that case the form of the configuration is determined by the local
shape of the potential V (ϕ). We have been using a domain wall configuration, as we are
expecting that F (kAz) is more or less akin to the local configuration of a domain wall. The
initial chaotic condition may include ϕ = 0, where conventional perturbation will be singular.
The singularity is not a problem, if it is always far away from our Universe.
We hope there will be no confusion between defects of φ(inflaton) and
ϕ(curvaton/moduli).
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3.2 Example2: problem in topological inflation
The accelerated expansion of the Universe in standard inflationary scenarios is driven by the
energy of the false vacuum. Since the topological defects have false vacuum in their cores,
one can expect inflating cores when a defect have (or evolves to have) a broad core [36–38].6
This gives the basic idea of the inflating defect, which can explain the initial condition of the
conventional inflation model. All one needs to start inflation is a false vacuum region that is
greater than the horizon.
Assume that our Universe is placed on a primordial domain wall φw(z) = φˆ[tanh(kAz+
ω0)]. Expanding the configuration in powers of (kAz), we find
φw
φˆ
' tanh(ω0)
+(kAz)sech
2(ω0)
−(kAz)2 tanh(ω0)sech2(ω0)
+
(kAz)
3
3
[cosh(2ω0)− 2] sech4(ω0) + . . . , (3.1)
where we are going to define φCMB ≡ φˆ tanh(ω0). The source of the CMB asymmetry is
∆φ ' (kAzd)φˆ sech2(ω0).
For hilltop-type inflation [39], we have φˆ 'Mp and
φCMB ' φˆe−N |η|, (3.2)
where η ≡M2pVφφ/V . We thus find for N ∼ 60:
tanh(ω0) ' e−60|η|. (3.3)
In the same way as in the previous section, we can calculate the coefficients of the higher
terms to find the quadrupole and the octupole. Unfortunately however, since the single-
field inflation with the standard kinetic term always predicts fNL  1, and also the exact
calculation of the asymmetry parameter gives A ∝ ns−1, which is mandatory, it is impossible
to find A ∼ 0.05 from the perturbative expansion.
Although the above result is disappointing, the idea of the inflating defect is interesting.
Note also that primordial configuration may appear for every light field at the same time, and
they could be expanded simultaneously during inflation, even though the fields themselves
do not cause inflationary expansion. Just for an instance, consider a hilltop curvaton [40, 41],
in which the curvaton mass is temporarily negative (i.e, the curvaton potential is initially
a convex) but it finally becomes concave before the decay. If we introduced the chaotic
initial condition to the model, the initial configuration could be a domain wall whose shape
is determined by the potential at that moment. See also some recent works in ref. [42–44],
in which authors considered the evolution of both the curvaton and the modulus field in
modulated reheating scenarios and explored the effects on the power spectrum and fNL.
3.3 Example 3: modulated reheating for a domain wall configuration
In this section we consider a modulus field (ϕ), which has both ∆ϕ and δϕ. We assume
that δϕ is primary source of the initial curvature perturbation. In contrast to the topological
6Our idea of the topological defect is a particular case of a general super horizon-scale perturbation. See
also a preceding work [21]. Our method is quite general.
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inflation model considered above, ϕ is not supposed to be the inflaton field. The curvaton
mechanism, which has been explored in other papers [3, 4, 7], will give a similar result,
although the curvaton is not mentioned explicitly in this section.
The curvaton (except for the inflating curvaton) and other modulation mechanisms
(e.g, modulated reheating) do not expect |fNL|  1 even if the decaying matter component
dominates the Universe [15–17, 30, 31]. In this section we consider a modulated decay scenario
that gives |fNL| ∼ 5 [30, 31]. For a moduli field ϕ, we thus find from eq. (2.14):
A ∼ 6Nϕ|∆ϕ|. (3.4)
Here, we assume that the origin of ∆ϕ is the primordial domain wall that exists prior to the
inflationary expansion. One can define the mean value (center of the Gaussian perturbation)
of the moduli as ϕ¯ ≡ ϕ0 + ϕˆ tanh(ω0) + ∆ϕ. Here the domain-wall configuration ϕw ≡
ϕˆ tanh(kAz + ω0) is centered at ϕ0 and is expanded for kAz  1 as
ϕw
ϕˆ
' tanh(ω0)
+(kz)sech2(ω0)
−(kz)2 tanh(ω0)sech2(ω0)
+
(kz)3
3
[cosh(2ω0)− 2] sech4(ω0) + . . . , (3.5)
Therefore, ∆ϕ is
∆ϕ
ϕˆ
' (kz)sech2(ω0)− (kz)2 tanh(ω0)sech2(ω0) . . .
(3.6)
The expansion by ∆ϕ is
∆N = Nϕ∆ϕ+
1
2
Nϕϕ(∆ϕ)
2 + . . . (3.7)
Therefore, the dipole (not observable), the quadrupole and the octupole are
∆N |D
kAzd
≡ Nϕϕˆ sech2(ω0) ≡ ∆NA (3.8)
∆N |Q
(kAzd)2
≡ 1
2
Nϕϕϕˆ
2 sech4(ω0)−Nϕϕˆ tanh(ω0)sech2(ω0)
=
6
10
fNL(∆NA)
2 −∆NA tanh(ω0) (3.9)
∆N |O
(kAzd)3
≡ 1
6
Nϕϕϕϕˆ
3 sech6(ω0)
−Nϕϕϕˆ2 sech4(ω0) tanh(ω0)
+
1
3
Nϕϕˆ [cosh(2ω0)− 2] sech4(ω0)
=
9
25
gNL(∆NA)
3 − 6
5
fNL tanh(ω0)(∆NA)
2
+
∆NA
3
[cosh(2ω0)− 2] sech2(ω0). (3.10)
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From eq. (2.14) and eq. (3.8), we find
A ∼ 1.2fNL∆NA(kAzd). (3.11)
From eq. (3.9), we find
fNL(∆NA)
2(kAzd)
2 < 8Q. (3.12)
Therefore, the asymmetry is bounded from above as
A < 1.2fNL
√
8Q
fNL
∼ 0.014
√
fNL. (3.13)
Since gNL > 10
4 is not excluded in the modulated decay scenario and is giving an inter-
esting observational possibility, an important issue is to consider a more stringent constraint
that may appear from the octupole perturbation
∆N |O
(kAzd)3
' 9
25
gNL(∆NA)
3 < 8.8O, (3.14)
which will be significant if |gNL|2 & 105|fNL|3. We thus find that an observation of gNL > 104
could be crucial for the models of the CMB asymmetry. This point has not been considered
in previous works.
One might expect that the significant scale dependence of the asymmetry parameter
A could be explained by the scale-dependent fNL. However, usual scenario of the curvaton
and other modulation mechanisms do not expect such significant scale dependence. More-
over, since fNL has the minimum value (fNL & 1) associated with nonlinear effects in any
model [30, 31], the variation stops inevitably there. On the other hand, fNL has the upper
bound |fNL| ≤ 10 on large scale, which can contradict with the required scale dependence.7
Namely, to solve the scale dependence of the asymmetry using scale-dependent fNL, one
needs 10/|f (10Mpc)NL | ≥ 0.05/0.0045, which gives a critical condition |f (10Mpc)NL | < 1. The in-
flating curvaton could be an exception, in which fNL ∼ O(H , η)  1 is possible. However,
at this moment there is no concrete model that realizes strongly scale-dependent fNL in the
inflating curvaton model. Therefore, we conclude that all these models cannot explain the
asymmetry.
4 Model buildings
Let us sort out cosmological models paying attention to the origin of the asymmetry and
its scale dependence. Prescriptively, “multi-field models” include the curvaton and other
modulation mechanisms since these models require at least two fields to achieve both the
inflationary expansion and the creation of the curvature perturbations.
As we have stated in the previous section, “single-field models of inflation” are already
excluded if the source of the asymmetry is ∆φ(z) 6= 0. The curvaton and other modulation
mechanisms, which are prescriptively multi-field but one field (the curvaton σ or a modulus
field χ) is the primary source of the initial curvature perturbations, can be excluded by the
scale dependence.
7The Planck limit assumes that |fNL| is constant on all CMB scales. Although we did not consider the
possibility in this paper, |fNL| might have a strong scale dependence and |fNL| on the scale of the asymmetry
could be far larger than |fNL| ∼ 10.
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Therefore, in this section we consider separation of δN . The separation of the curvature
perturbation (δN = δN1 + δN2) is a very old idea, which has been considered in a variety of
multi-field models of inflationary cosmology. Ref. [3, 4] considers an application to explain
the asymmetry, and ref. [45] calculates the scale-dependence of the parameter A, when the
slow-roll parameter is scale-dependent. The crucial difference between previous works and
our model will be explained in appendix A.
In this section we need strong scale dependence for the secondary component δN2.
Recently in ref. [46], strongly scale-dependent spectrum of the curvaton scenario has been
used to explain the primordial black hole (PBH) formation. In ref. [25], it has been shown that
the inflating curvaton mechanism can also explain PBH formation, in which some constraints
can be relaxed because of the late-time curvaton inflation. Other modulation mechanism may
also have strong scale dependence. For instance, a model of the scale-dependent modulations
(tachyonic growth model) has been proposed in ref. [47].
Suppose that the potential of the field ϕ is given by V (ϕ) ' cH2ϕ2. The potential
is familiar in supergravity inflationary models, in which F-term generates |c| ∼ O(1) while
D-term may generate |c|  1. It is possible to generate V (ϕ) ' cH2ϕ2 from F (ϕ)R in
the Lagrangian, where F (ϕ) is a function of ϕ and R is the Ricci scalar. In that way, c is
model-dependent and and c is determined by the component that is dominating the energy
density at that moment. One will find the equation
ϕ¨+ 3Hϕ˙+ cH2ϕ = 0, (4.1)
whose solution is [23]
ϕ ∝ e−αHt ∝ k−α, (4.2)
where α ≡ 32 −
√
9
4 − c. If δϕ is primary source of the initial curvature perturbation, contri-
bution to the spectral index is ns − 1 = −2H + 2α ' 2H + 2ηϕ, where ηϕ ≡M2pVϕϕ/V .
4.1 Multi-field models of separable perturbations (Nφϕ ' 0)
First, consider a separable spectrum of φ and ϕ that gives
δN = δN1 + δN2, (4.3)
where we defined
δN1 = Nφδφ (4.4)
δN2 = Nϕδϕ. (4.5)
To be separable up to the second order, we need Nφϕ ' 0.
We also assume a Gaussian perturbation and a shift given by
φ(~x, t) = φ0(t) + δφ(~x, t),
ϕ(~x, t) = ϕ0(t) + ∆ϕ(~x, t) + δϕ(~x, t), (4.6)
where δφ and δϕ are the Gaussian perturbation, which is expected to have the spectrum
P1/2δφ = P1/2δϕ = HI/2pi at the horizon exit. As before, we introduce a function F (kAz) that
gives F (kAzd) ≡ ∆ϕd on the decoupling scale. Then, one can define the asymmetry as
A ≡ ∆(δN2)
δN
=
NϕϕP1/2δϕ |∆ϕ|
NφP1/2δφ +NϕP1/2δϕ
. (4.7)
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We are going to separate “multi-field models of separable perturbations” into two cat-
egories. From figure 3, “Multi A” includes the conventional curvaton and modulations, in
which a field ϕ is responsible for “both” the initial curvature perturbations and the asym-
metry. In that case we find
A ' Nϕϕ|∆ϕ|
Nϕ
. (4.8)
The other (“Multi B”) considers one field (φ) as primary source of the initial curvature
perturbations and the other field (ϕ) as the source of the asymmetry. In that case we are
expecting δN2 < δN1 but not much smaller. Since the asymmetry is expected to be A ∼ 0.05,
one can estimate δN2/δN1 ≥ A ∼ 0.05. Later we will show that δN2/δN1 > 0.05 could be a
crucial condition. For this model, the asymmetry is defined by
A ' NϕϕP
1/2
δϕ |∆ϕ|
NφP1/2δφ
=
Nϕϕ|∆ϕ|
Nφ
(Pδϕ
Pδφ
)1/2
, (4.9)
where the quantities are defined at the moment when the curvature perturbations are gen-
erated. (i.e, Pδφ is defined at the horizon exit but Pδϕ is defined when δN2 is generated.)
Then, following the discussion in section 2.1.1, significant scale-dependence may appear in
the ratio
(Pδϕ
Pδφ
)1/2
. In order to explain the scale dependence in a familiar form, consider the
function
ϕ ≡ g(ϕ∗), (4.10)
where the definition first appeared in ref. [48] to explain the evolution of the curvaton per-
turbation. We thus find
A ' Nϕϕ|∆ϕ|
Nφ
(
1
g′
)1/2
, (4.11)
where δϕ ' g′(ϕ∗)δϕ∗ and Pδφ∗ = Pδϕ∗ are considered. The scale-dependent asymmetry is
due to the significant scale dependence of δN2.
8
4.1.1 Curvaton and other modulation mechanisms (multi-B)
Here we consider Multi-B scenario, which is shown on the right-hand side in figure 3.9 If
the asymmetry of the CMB is created by a field that is NOT primary source of the initial
8Our model (multi-B) does not include the running inflation scenario. Thanks to the referee of JCAP,
we found that the scenario of running inflation has already been thoroughly explored by Erickcek, Hirata
and Kamionkowski in the appendix A of ref. [45], where the spectrum with a discontinuity has also been
considered. However, the model assumes ϕ∗ = g(ϕ∗) (or ησ ≡ m2σ/3H2 ' 0 for the curvaton) and calculated
the asymmetry with 1/g′ ≡ 1 (i.e, they considered the trivial evolution function and put Pδσ = Pδσ∗ from
the beginning). The calculation is reviewed in our appendix A, where the correspondence between these
calculations will be very clear.
9Just before we accomplish the second version of this paper, we found a peper [49] in which a similar idea
has been examined.
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Figure 3. The left-hand side picture shows a model in which the Gaussian perturbation of a field is
the primary source of the initial curvature perturbations and at the same time defect configuration
of the field explains the asymmetry of the CMB. Although somewhat confusing, the model is usually
dubbed “multi-field”, since one needs two fields to explain both the inflationary expansion and the
curvature perturbation. The right-hand side picture shows a model in which the initial curvature
perturbation is generated by a field but the source of the asymmetry is another field.
curvature perturbation, the role of the secondary field (ϕ) is to create the asymmetric part
δN2 ∝ z.
To begin with, define the non-Gaussianity parameter of the component perturbation as
fNL,ϕ ≡ 5
6
Nϕϕ
(Nϕ)2
. (4.12)
Then the asymmetry parameter is
A ≡ ∆(δN2)
δN
=
6
5
fNL,ϕNϕ|∆ϕ|
1 + r−1N r
−1
P
' 6
5
fNLϕNϕ|∆ϕ|(rNrP), (4.13)
where we defined
r−1N ≡
Nφ
Nϕ
(4.14)
r−1P ≡
P1/2δφ
P1/2δϕ
. (4.15)
We used the condition δN1 > δN2 that leads to r
−1
N r
−1
P > 1.
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Since the secondary perturbation (δN2) is responsible for the asymmetry, what we need
to explain A = 0.05 is
fNL,ϕ ∼ 5
6
A
Nϕ∆ϕ
r−1N r
−1
P
≤ 5
6
1
Nϕ∆ϕ
, (4.16)
where we considered 1 > δN2/δN1 > A.
Then, the non-Gaussianity parameter of the total curvature perturbation is
fNL =
fNL,φ
1 + r2Nr
2
P
+
fNL,ϕ
1 + (rNrP)−2
∼ (rNrP)2fNL,ϕ
≥ 5
6
A2
Nϕ∆ϕ
, (4.17)
where the second line is obtained assuming fNL,φ ≡ 56
Nφφ
N2φ
' 0. Note that in the above
equation there is significant suppression due to an extra factor of A ∼ 0.05. (Compare
eq. (4.17) with eq. (2.13).) Therefore, the required fNL can be much smaller than the Multi-
A scenario.
We find for the domain-wall configuration:
∆N |D
kAzd
≡ Nϕϕˆ sech2(ω0) ≡ ∆NA (4.18)
∆N |Q
(kAzd)2
≡ 1
2
Nϕϕϕˆ
2 sech4(ω0)−Nϕϕˆ tanh(ω0)sech2(ω0)
=
6
10
fNL,ϕ(∆NA)
2 −∆NA tanh(ω0) (4.19)
∆N |O
(kAzd)3
≡ 1
6
Nϕϕϕϕˆ
3 sech6(ω0)
−Nϕϕϕˆ2 sech4(ω0) tanh(ω0)
+
1
3
Nϕϕˆ [cosh(2ω0)− 2] sech4(ω0)
=
9
25
gNL,ϕ(∆NA)
3 − 6
5
fNL tanh(ω0)(∆NA)
2
+
∆NA
3
[cosh(2ω0)− 2] sech2(ω0). (4.20)
Therefore, we find
fNL,ϕ(∆NA)
2(kAzd)
2 < 8Q. (4.21)
Using eq. (4.16), we find that the asymmetry is bounded from above as
A < 0.014
√
fNL,ϕ(rNrP). (4.22)
Then A ∼ 0.05 gives 3.6 <√fNL,ϕ(rNrP).
To explain the scale-dependence of the asymmetry, we consider (again) a variation of rP .
Here, what we need is (rsmallP /r
CMB
P ) . 0.1, which is quite conceivable if the factor is obtained
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from the variation caused by a quadratic potential: e−ηϕN ∼ 10 for N = 6.1 (Quasar) or
N ∼ 4 (CMB small scale). Here the slow-roll parameter required for the Quasar is
ηϕ ≡
m2ϕ
3H2
∼ −0.38. (4.23)
For the small-scale CMB, it becomes ηϕ ∼ −0.58.10
In this scenario, there will be a possible tension between the spectral index and the
scale-dependence in δN2, where the latter is needed to explain the asymmetry of the small-
scale perturbations while the former is strictly constrained by the Planck observation. In the
above scenario, we can estimate the additional contribution to the spectral index as (for the
Quasar):
∆(ns − 1) ∼ δN2
δN1
(ns − 1)δN2
≥ 2Aηϕ ∼ −0.038, (4.24)
where (ns − 1)δN2 is the spectral index of the component δN2. The small-scale CMB con-
straint [20] requires ns ∼ (ns)δN1 + ∆(ns) ∼ 0.96 for ∆(ns − 1) ∼ 2Aηϕ ∼ −0.058, which
cannot be satisfied without fine-tuning. Therefore, in reality ∆(ns − 1) is larger than 2Aηϕ
and the issue of the fine-tuning is serious.
4.2 Multi-field models of mixed perturbations (Nφϕ 6= 0)
To start with, assume a primary field (φ) and a mechanism (inflation, the curvaton or other
modulation mechanisms) that creates curvature perturbation ζ = δN ∼ Nφδφ. Then, one
can introduce a modulation sourced by a secondary field ϕ (moduli). We write
φ(~x, t) = φ0(t) + δφ(~x, t)
ϕ(~x, t) = ϕ0(t) + ∆ϕ(~x, t) + δϕ(~x, t), (4.25)
where δφ is the Gaussian perturbation, while ∆ϕ has specific direction (z) and it is supposed
to be the source of the CMB asymmetry A 6= 0.
A shift ∆(δN) appears because of ∆ϕ:
∆(δN) ' (δN)ϕ ∆ϕ ' Nφϕδφ∆ϕ. (4.26)
Then the asymmetry parameter is
A ' Nφϕ
Nφ
|∆ϕ|. (4.27)
Recall that the usual definition of the non-Gaussianity parameter is [48]
fNL ≡ 5
6
NaNbN
ab
(NcN c)2
, (4.28)
which is obtained assuming rP = 1. Therefore we have
fNL ' 5
3
NφNϕN
φϕ
(N2φ +N
2
ϕ)
2
, (4.29)
10If ηϕ > 3/2 then the field will not be perturbed during inflation [50].
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where Nφϕ = Nϕφ. From eq. (4.27) and (4.29), the asymmetry will be estimated as
A ∼ Nφϕ|∆ϕ|
Nφ
∼ 3
5
fNL
(1 + r2N )
2
r2N
Nϕ|∆ϕ|
∼ 3
5
1
r2N
fNLNϕ|∆ϕ|. (4.30)
The mixed perturbation Nφϕ 6= 0 may appear when one considers modulated decay for the
curvaton [30–33]. Just for an instance, introduce a moduli-dependent mass m(φ, ϕ) for the
decaying matter component and consider modulated curvaton decay [30–33]. Then one will
find Nφ and Nφϕ in terms of m(φ, ϕ). In that case, choosing a point on the landscape of
m(φ, ϕ), one may find a significant Nφϕ that determines the asymmetry. A simple modulation
of an inflation parameter may lead to the asymmetry [28, 29], which will be considered
below.11
4.2.1 Two-field inflation with a non-standard kinetic term (cs-modulation)
First we review the preceding model considered in ref. [51]. Although the model is slightly
complicated compared with our model in section 4.2.2, the kinetic term is well motivated in
the string theory.
In section 2.2 we showed that “the single-field inflation model with the standard kinetic
term” is severely constrained and cannot explain the asymmetry. On the other hand, a
non-standard kinetic term may change the sound speed (usually labeled by cs), which causes
deviation from the conventional model of single-field inflation. The most obvious character of
the model appears in the equilateral non-Gaussianity parameter feqNL, which can be enhanced
keeping the spectral index small. The reason has been clearly explained in ref. [52], which
shows that the shrinking sound horizon during inflation cancels the deviation from a de
Sitter background to retain a scale invariant spectrum. In that way the enhancement of the
non-Gaussianity parameter is possible without violating the conditions for the spectral index.
Unfortunately, the model with cs  1 has been excluded by the Planck observation;
that is the reason why we did not consider the model in section 2.2. However, this model may
be applied to explain the hemispherical asymmetry if the value of sound speed varies from
one side of the sky to the other (i.e, when cs(k, z) is a non-trivial function of both k (scale)
and z (place).) The example considered in ref. [51] uses the Lagrangian for the two-field
model:
L = 1
f(φ, χ)
(1−√1 + f∂µφ∂µφ)
−1
2
∂µχ∂
µχ− V (φ, χ). (4.31)
Here, φ is the inflaton and χ is an extra light field (moduli), which does not contribute to
the background evolution. χ is introduced just to explain k- and z-dependent sound speed
cs(k, z). The kinetic term of the inflaton φ involves a function f(φ, χ). Since we do not have
new result for this model, we will not examine this model in this paper. See ref. [51] for
further discussions.
11A stringent condition has been found in ref. [11], in which they argued that Nϕ ≥ Nϕφφ˙H−1 can break a
constraint [2]. However, true inequality is Nϕ ≥ Nϕφφ˙H−1 + Nϕϕϕ˙H−1, which allows cancellation between
terms. Therefore, the mixed perturbation scenario is not excluded but it may require fine-tuning.
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4.2.2 Modulated inflation with a non-standard kinetic term
We introduce a moduli field (χ) and consider the non-standard kinetic term for the infla-
ton [53]:12
Lkin = 1
2
ω(χ)∂µφ∂
µφ. (4.32)
Because of ω, the equation of motion becomes
φ¨+ 3Hφ˙+
Vφ
ω
+
ωχ
ω
φ˙χ˙ = 0, (4.33)
where we can assume χ˙ ' 0.
Let us examine if this simplest version of the non-standard kinetic term could work to
explain the CMB asymmetry.
The curvature perturbation generated during inflation is
δN = Nφδφ+
1
2
Nφφδφδφ+ . . .
' Hδφ
φ˙
=
ω√
2H
δφ
Mp
. (4.34)
Since the kinetic term is modulated by χ, one can expect an inhomogeneous φ˙ in the direction
of z. If χ has a domain-wall configuration (∆χ(z)), one can expect asymmetry caused by the
shift. The asymmetry is
A ' Nφχ
Nφ
|∆χ|
=
ωχ
ω
|∆χ|. (4.35)
For a specific function, eq. (B.7) suggests
A ' 2∆χ
χ
. (4.36)
This is a convincing way of obtaining asymmetry from a very simple extension of the single-
field inflation model.
The scale-dependence can appear from the evolution of χ∗ ≡ χ(0)∗ + ∆χ∗, where δχ is
neglected for simplicity. In this model, scale dependence of the asymmetric perturbation
∆(δN) ∼ Nφχ∆χ can be independent of the dynamics of φ. This extension can be applied to
many kinds of single-field inflationary models without changing the predictions of the original
model, as far as the model predicts negligible Nχ. On the otherhand, the predictions of the
model are very weak, since the effective action is quite ambiguous.
5 Conclusion and discussion
In this paper, we considered a chaotic initial condition and a domain wall configuration that
may exist prior to the inflationary expansion. We showed that such configuration can ex-
plain the CMB asymmetry. Remembering that topological inflation may usually include a
12See also appendix B.
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point where the curvature perturbation diverges (H ' 0), we have to reconsider the con-
ventional assumption “ΦA ≤ 1 everywhere”. In this paper, the condition has been replaced
by “Nφ∆φ ≤ 1 (or Nϕ∆ϕ ≤ 1) within the horizon”. Although the new condition is looser
than the former, we found that topological inflation cannot explain the asymmetry. Then
we explored the curvaton and other modulation mechanisms using a primordial defect con-
figuration as the source of ∆ϕ(z). The scale-dependence of the asymmetry is examined in
various scenarios.
Our result shows that Multi-A model, in which ϕ is primary source of the initial curva-
ture perturbation, cannot explain the asymmetry (and its scale dependence).
On the other hand, Multi-B model, in which ∆ϕ is separated from the primary source of
the initial curvature perturbation, can explain both the asymmetry and its scale dependence
but requires fine-tuning. For the spectral index, the reason is very clear. Since the asymmetric
part is entirely due to δN2, the fraction δN2/δN1 cannot be smaller than A ∼ 0.05. Since
the scale dependence of A is due to the significant scale dependence of δN2, it can contribute
to the spectral index of the total curvature perturbation (δN = δN1 + δN2). If δN2 has
the spectral index (ns2 − 1) ∼ O(1), its contribution to the total (ns − 1) is more than
A × (ns2 − 1) ∼ 0.05, which is not acceptable without fine-tuning. Large gNL, which might
be observed in future observations, may put a stringent bound on the octupole perturbation.
We also examined mixed perturbation models. (In this case we don’t have to assume
δN2/δN1 > A.) cs-modulation has been considered in ref. [51]. In this paper we considered
a modulated inflation model [28, 29] and showed that the model does not require fine-tuning
in the spectral index because (unlike the scenario of separable perturbation) evolution of ∆χ
can be separated from the spectral index of the total.
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A Running inflation model in ref. [45]
In contrast to our Multi-B model, ref. [45] considers the inflaton as a source of the scale-
dependent asymmetry.
In ref. [45], the fraction of the total power that comes from the curvaton has been
defied as
ξ(k) =
Pζσ(k)
Pζσ(k) + Pζφ(k)
, (A.1)
where
Pζσ(k) =
R2
9
H2I
pi2σ2∗
(A.2)
Pζφ(k) =
GH2I
piH
. (A.3)
Note that their definitions are different from the component perturbations used in the con-
ventional curvaton scenario [13, 14, 54]. Here we have followed the notations in ref. [45] and
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have used H ≡ −H˙I/H2I and G ≡ 8piM−2p . R is defined at the curvaton decay as
R ≡ 3Ωσ
4Ωγ + 3Ωσ + 3ΩCDM
. (A.4)
Their primary observation is that any scale-dependence in ξ must originate from varia-
tion in the slow-roll parameter H(φ∗) during inflation, which is correct only when the evolu-
tion before the curvaton oscillation is trivial (i.e, when δσ/σ is constant until the beginning
of the sinusoidal oscillation).
If the variation of H is smooth, one inevitably find
d ln ξ
d ln k
=
d lnPζσ
d ln k
− ξ d lnPζσ
d ln k
− (1− ξ)d lnPζφ
d ln k
= (2ησ − 2H)− ξ(2ησ − 2H)
−(1− ξ)(−4H + 2ηH)
= −(1− ξ)(2ηH − 2H − 2ησ), (A.5)
where ref. [45] uses the definition ηH ≡ −φ¨/(φ˙HI) 'M2p [V ′′(φ)/V (φ)]− H . Here the result
is for a simple quadratic curvaton potential.
The index for the total power spectrum is
ns − 1 =
d ln
[Pξσ + Pξφ]
d ln k
= ξ(2ησ − 2H) + (1− ξ)(2ηH − 4H)
= −2H + 2ξησ + (1− ξ)(2ηH − 2H), (A.6)
and the tensor to the scalar ratio is
r = 16H(1− ξ). (A.7)
Therefore, we find
− d ln ξ
d ln k
= ns − 1 + r
8(1− ξ) − 2ησ. (A.8)
Ref. [45] ignores ησ to find
− d ln ξ
d ln k
= ns − 1 + r
8(1− ξ) , (A.9)
which is wrong when ησ is significant. Indeed, our Multi-B model considers the opposite
case:
− d ln ξ
d ln k
' −2ησ. (A.10)
They also considered a discontinuity in ξ(k), which can be used to avoid the blue
spectrum. In that case the small-scale perturbations are simply disconnected from the large-
scale anomaly.
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B Modulated inflation
We introduce moduli χ and consider the action:
S =
∫
d4x
√−g
[
1
4piG
R− 1
2
ω(χ)∂µφ∂
µφ− 1
2
∂µχ∂
µχ
]
−V (φ)−W (χ), (B.1)
where ω(χ) and the potential W (χ) are functions of the moduli. The inflaton potential is
V (φ) ' V0 during inflation. The specific form of the coefficient ω(χ) could be ω(χ) = β χ2M2∗ ,
where M∗ is a cutoff scale. Variation of the action leads to the equations
φ¨+ 3Hφ˙+
V ′
ω
+
ω′
ω
φ˙χ˙ = 0 (B.2)
χ¨+ 3Hχ˙+W ′ − ω
′
2
φ˙2 = 0. (B.3)
The slow-roll inflation gives
φ˙ ' − V
′
[3H + (ω′/ω)χ˙]ω
' − V
′
3Hω
, (B.4)
where 3H  (ω′/ω)χ˙ is assumed.
The δN formalism gives
Nφ = −H
φ˙
' 3H
2
V ′
ω, (B.5)
which leads to the mixed perturbation
Nφχ ' ω
′
ω
Nφ 6= 0. (B.6)
For ω(χ) = β χ
2
M2∗
, one will find
Nφχ
Nφ
' 2
χ
. (B.7)
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